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The composition-temperature-pressure phase diagram of pyrope-grossular solid solutions, in which Mg and
Ca are guest species in a highly rigid aluminosilicate framework, is predicted using simple models for the
mixing enthalpy and the vibrational excitations. The models are expected to elucidate general phase separation
tendencies in mixtures of guest species. Size mismatch of guest species is shown to give a positive enthalpy of
mixing, and vibrational effects are shown to favor phase separation at the side of the smaller guest species,
while at the side of the larger guest species mixing is favored. This gives rise to asymmetrical miscibility gaps
that are displaced toward the side of the smaller species; in the case of pyrope-grossular, toward pyrope. It is
shown that a realistic description of phase stability can be obtained using very few electronic density functional
total energy calculations, making it of particular relevance for large unit-cell systems.
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The aluminosilicate garnets (general formula
X3Al2Si3O12; space group 230,Ia3̄d, with eight formula
units per cube) represent one of the fundamental minerals of
the Earth’s crust and the upper mantle. The crystal structure
of garnets can be described as a three-dimensional frame-
work consisting of alternating SiO4 tetrahedra and AlO6 oc-
tahedra that share corners. In the structure are presentXO8
dodecahedra as well, which host bivalentX cations such as
Mg, Ca, Fe, and Mn. TheX cations form a triangular coor-
dinated sublattice within the Al-Si-O framework. Aside from
applications such as abrasives and gemstones, garnets are of
interest to geologists for determining pressure-temperature-
time paths of garnet-bearing metamorphic rocks that give
insight in long-time evolution of the Earth’s crust. Such
analyses are based(1) on knowledge of phase equilibria be-
tween garnets and surrounding minerals as a function pres-
sure and temperature,(2) on the distribution of typically
present trace amounts of rare-earth elements in garnet(few
tens of ppm) and knowledge of diffusion parameters, and(3)
on the distribution of divalent elements between garnet and
other minerals. This latter analysis requires knowledge of
activity-composition relations in the garnet solid solution.
The primary information for the determination of the excess
mixing properties of garnets is obtained from
phase-equilibrium,1 calorimetric,2,3 and unit-cell volume
measurements.4,5 The largest deviations from ideality exist in
the grossularsCa3Al2Si3O12d-pyropesMg3Al2Si3O12d binary.
Despite much effort, the thermodynamic properties of this
binary remain controversial. The problem is that large error
bars of the available enthalpy of mixing data2 nd a single
measurement5 of the excess vibrational entropy permit a
wide range of interpretations. The suggested models for the
enthalpy of mixing,1,6 disagree on the direction of asymme-
try, and the excess entropy is assumed either symmetric1,7 or
strongly asymmetric.8 Data on the low-temperature phase re-
lations in grossular-pyrope are inconclusive: the summarized
data1 for metamorphic garnets suggest no unmixing down to
about 500 °C(although chemical compositions of these gar-
nets deviate significantly from the grossular-pyrope binary
due to the presence of other species such as Fe and Mn),
while immiscibility has been observed in pyrope- and
grossular-rich garnets from mantle xenolites9 (although the
P-T conditions of garnet equilibration are uncertain).
Here, the mixing properties and the phase stability of the
grossular-pyrope system are investigated using first-
principles calculations. Our calculations permit us to con-
strain both the magnitude and the asymmetry of the excess
mixing functions and to calculate the pressure-temperature-
composition phase diagram. Such a phase diagram calcula-
tion is a formidable task as there are some 160 atoms in the
cubic cell. Moreover, relaxation effects and vibrational ef-
fects are expected to play a significant role. Fortunately, as
will be detailed below, a number of simplifications are pos-
sible that make the calculation feasible and which reveal a
remarkably transparent underlying physics of the asymmetry
in the intermixing of pyrope and grossular. This is not the
first ab initio study of garnets, but previous studies10,11 were
concerned with pure garnets only.
The density functional calculations reported here were
performed within the gradient corrected local density
approximation12 using the software packageVASP,13 employ-
ing ultrasoft pseudopotentials14 with a 400 eV kinetic energy
cutoff for the plane wave expansion of the wave functions.
Integrations in reciprocal space used the gamma point only.
Lattice parameters were determined through fits to the equa-
tion of state and the internal coordinates were optimized for
all structures using the conjugate gradient method. Structural
optimizations were considered converged when the greatest
magnitude of the force on any atom was less than
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100 meV/nm. This calculational procedure was deemed ad-
equate as lattice parameters and bulk moduli could be ob-
tained in good agreement with available experimental data
(see Table I).
As a first step toward evaluating phase stability in pyrope-
grossular solid solutions, the enthalpy of mixingDHmix is
computed at zero pressure.DHmix is known to be a low-order
polynomial in the composition, so that typically a few judi-
ciously selected composition points suffice.18 Calculations
for cubic cells with compositions Mg24Al16Si24O96,
Mg23CaAl16Si24O96, MgCa23Al16Si24O96, and
Ca24Al16Si24O96 with full optimization of the lattice param-
eters and internal degrees of freedom indicate that intermix-
ing of pyrope and grossular is not energetically favored:
DHmix increases by 16.2s12.2d kJ/mol upon substituting Ca
by Mg (Mg by Ca) in pyrope(grossular). Applying the im-
purity model18 gives a slightly asymmetricDHmix versus Ca
concentrationcCa, as is shown in Fig. 1. Agreement with the
widely scattered experimental data2 is seen to be reasonable.
In order to verify the impurity model determination of
DHmixscCad, enthalpies of a number of other pyrope-grossular
mixtures were also computed(squares in Fig. 1). Four
structures with composition Mg22Ca2Al16Si24O96
sMg2Ca22Al16Si24O96d have two Ca(Mg) as first, second,
third, and fourth nearest neighbors, while the structure at
cCa=0.5 consists of Ca atoms arranged in first nearest neigh-
bor triangles without there being any second or third nearest
neighbor CauCa pairs; these structures were used
elsewhere19 as well. A cluster expansion20 in the triangle-
tetrahedron approximation, which included first, second, and
third nearest neighbors, yielded a very similarDHmixscCad
(dashed line in Fig. 1). One might expect this because the
enthalpies of structures with different neighbor pairs are
closely grouped, indicating that short(long) range order
(SRO) effects play a rather minor role in this mixture, as was
also seen in other recent studies.19,21 Chemical effective in-
teractions between Mg and Ca are weak because the elec-
tronegativity is similar and because the atoms in different
cages are well shielded from each other through the alumino
silicate framework. Hence, effective interactions arise mainly
from elastic effects associated with the atomic size difference
of Mg and Ca.22 As is often the case for phase separating
mixtures, the lattice parameters of mixtures are slightly
larger than the linearly interpolated value(Vegard’s law), as
is shown in Fig. 2.
At a hydrostatic pressure of 4 GPa(corresponding to a
depth of some 150 km), DHmix increases a little and becomes
a little less asymmetrical: DHmix increased by
17.3s14.1d kJ/mol upon substituting Ca by Mg(Mg by Ca)
in pyrope(grossular). This might be explained by the smaller
bulk modulus of grossular as compared to that of pyrope, so
that under pressure the larger lattice parameter of grossular
shrinks more and becomes more similar to that of pyrope,
reducing the asymmetry.
As SRO plays a minor role, the configurational entropy
can be represented with the usual single-site approximation
Sconf=kBfc lnscd+s1−cdlns1−cdg, wherekB is the Boltzmann
constant. Neglecting other contributions to the excess Gibbs
free energy, such as those associated with vibrational degrees
of freedom, we can writeDGscCad=DHmixscCad−TSconf, from
which, trivially, the phase diagram at a pressure of 0 GPa
shown in Fig. 3 can be derived. The phase diagram exhibits
a miscibility gap only. It is slightly displaced towards the
Mg-rich side, in keeping with the asymmetry of the
DHmixscCad curve. The top of the miscibility gap is at about
900 K at 40 atomic% Ca.
Computing the vibrational excess free energy for disorder
garnets is challenging because of the large cells(linear re-
sponse methods) and the large number of inequivalent sites
(direct methods). Here, the densities of states(DOS) of py-
rope and grossular are obtained with the direct method,
where by the four inequivalent sites are displaced by 4 pm in
turn to determine the real space force constants. The vibra-
tional DOS associated with the alumino silicate framework is
found to be similar for pyrope, grossular, and their mixtures.
The main difference is due to the lattice parameter variation,
TABLE I. Lattice parametersad in nm and bulk modulusBd in
GPa of pyrope and grossular.
acalc aexpt Bcalc Bexpt
Pyrope 1.1563 1.1454a 160.4 171a




FIG. 1. Enthalpy of mixing, as computed for cells with compo-
sition MgnCa24−nAl16Si24O96 with n=0, 1, 2, 12, 22, 23, and 24
(squares), as computed with a triangle-tetrahedron cluster expansion
(dashed line) and from calorimetry(Ref. 2) (circles).
FIG. 2. Deviation from Vegard’s law upon mixing, calculated
for cells with composition MgnCa24−nAl16Si24O96 with n
=0, 1, 2, 12, 22,23, and 24(squares), measured data as reported in
Ref. 4 (circles), and as predicted with the impurity model(Ref. 18)
(solid line).
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for which the smaller lattice parameter associated with Mg-
rich compositions gives slightly higher frequencies. As the
lattice parameter is, to a very good approximation, a linear
function of the composition, the vibrational free energy as-
sociated with the framework is linear with composition as
well. It is well known that free energy terms that are linear in
composition, i.e., with a vanishing excess free energy, do not
affect the composition-temperature phase diagram. This
means that the framework vibrations will not affect the phase
diagram. However, the vibrational excess free energy associ-
ated with the Mg and Ca species can be anticipated to be
large, as follows from a simple “gedanken” experiment. As
Mg and Ca are positioned in rather rigid cages, we might
picture them as Einstein oscillators.23 The Mg atoms are con-
siderably smaller than the Ca atoms,22 while the cages in
pyrope are smaller than those in grossular. It follows that
when a single Mg replaces a Ca in grossular it has an over-
sized cage to vibrate in, causing it to vibrate at a lower fre-
quency than if that Mg were in pyrope. On the other hand,
when a Ca replaces a Mg in pyrope it is in an undersized
cage, so that the its frequency will be higher than it would be
in grossular. In other words, the vibrational free energy be-
comes more negative when Mg is dissolved in grossular,
while it becomes more positive when Ca is dissolved in py-
rope. Thus, the excess vibrational Gibbs free energy of the
Mg and Ca species is expected to enhance phase separation
tendencies at the pyrope side of the phase diagram. The Ein-
stein picture for Mg and Ca can be applied easily in density
functional calculations by displacing these species in
cubic cells with compositions Mg24Al16Si24O96,
Mg23CaAl16Si24O96, MgCa23Al16Si24O96, and
Ca24Al16Si24O96. The eigendirections(where force and dis-
placement are aligned), shown in Fig. 4, are found to be
independent of the magnitude of the displacement. However,
the force constants associated with Mg in pyrope and in
MgCa23Al16Si24O96 are strongly anharmonic in direction 1
(see Fig. 4) for displacements less than 4 pm as observed
earlier in pyrope.11 For the temperatures of interest, 500–
,1000 K, displacements are just beyond this range. It
should be noted that our eigendirections do not correspond to
those of Ref. 11. Anharmonicities associated with colliding
into the cage wall occur at displacements around 40 pm, cor-
responding to very high temperatures. The eigenvalues of the
333 force constant tensorfi and the associated Einstein
frequenciesvi are listed in Table II. The vibrational enthalpy
Hv and the vibrational entropySv are calculated from
Hv = o
i
"viS12 + qi1 − qiD , s1d
Sv = − kBo
i




−"vi/kBT and " is Planck’s constant. The vibra-
tional Gibbs free energyGv is obtained simply fromGv
=Hv−TSv.
Including the vibrational excitations in the phase diagram
calculation increases the asymmetrical phase segregation ten-
dencies, as is apparent from Fig. 3. At a pressure of 0 GPa
the top of the miscibility gap is at 990 K at 0.33 atomic%
Ca. This phase diagram agrees rather well with the fitted
subregular solution model of Gangulyet al.,1 and the calcu-
lations of Vinograd,24 although the latter is more asymmetri-
cal. Repeating the calculations at 4 GPa while including the
vibrational effects raises the maximal temperature to 1030 K.
This suggests that the pyrope-grossular phase diagram is not
very sensitive to hydrostatic pressure, with the miscibility
gap being increased by about 10 K/GPa. A small pressure
sensitivity of about 5 K/GPa was found also in a recent
phase diagram assessment.1 It is seen that while the tempera-
ture scale of the miscibility gap is determined mostly by the
FIG. 3. Pyrope-grossular phase diagram:(a) ignoring vibrational
effects at 0 GPa(dotted line), (b) including vibrations at 0 GPa
(solid line), and(c) including vibrations at 4 GPa(dashed line).
FIG. 4. (Color) Nearest neighbors of a Mg(Ca) atom and eigen-
directions of the 3 3 force constant tensor. The softest(hardest)
direction is labeled 1(3). For site s 180
1
4
d directions 1, 2, and 3
correspond tok011̄l, k011l, andk100l, respectively, where thek100l
is a 4̄axis. The Mg atom is centered in a distorted cube formed by
O atoms, while the Al atoms form a tetrahedron.
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elastic strain associated with size differences of the Mg and
Ca species, the asymmetry of the miscibility gap is due
mostly to vibrational effects.
A small number of electronic density functional calcula-
tions permitted us to gain an understanding of phase stability
and to predict the composition-temperature-pressure phase
diagram of pyrope-grossular solid solutions. Physical prop-
erties of the pure phases and their mixtures were in good
agreement with the available experimental data. A rather
general description of phase stability of a large class of solid
solutions of geological importance emerges, in particular for
solid solutions in which the isovalent mixed guest species are
confined to cages separated by a rigid framework. In such
systems the mixing enthalpy is generally positive because of
size differences between the guest species. The excess vibra-
tional Gibbs free energy is positive only for compositions
rich in the smaller species, while it is negative on the side of
the larger species. Therefore, generally, such systems should
have a tendency to phase separate and the miscibility gap
may be asymmetrical with a maximum towards the smaller
species.
This work was performed under the interuniversity coop-
erative research program of the Laboratory for Advanced
Materials, Institute for Materials Research, Tohoku Univer-
sity.
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TABLE II. Force constantssfid and Einstein modesvid at 0 GPa as computed for displacements of
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Structure Atom
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